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High-Frequency Sum Rules for the Quasi-One-
Dimensional Quantum Plasma Dielectric Tensor.
I1. Spin Effect

R. O. Genga'
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We derive a high-frequency expansion for all elements of the quasi-one-dimen-
sional quantum plasma dielectric tensor at 7=0K for quantum particles with
spins. In addition to the known results for spinless case, we find that Qi%(k) and
QZ%(k) are the only frequency moments of the diclectric tensor with spin terms.
Further, we find that there is no spin effect on quantum plasma dispersion
for both ordinary and transverse modes propagating either along or across the
external field.

1. INTRODUCTION

High-frequency sum rules of the full dielectric tensor in the absence and
presence of external magnetic field for both classical nonrelativistic and
relativistic plasmas and quantum nonrelativistic plasmas with spinless parti-
cles at 7=0K are known (Kalman and Genga, 1986; Genga, 1988a-c,
1989a-c). However, for a quantum nonrelativistic plasma with spin particles
the existing work pertains to the application of the third moment to the
electric and magnetic response function (Goodman and Sjonlander, 1973).
The high-frequency sum rule is exact, but requires that Qo '<1 and
w,0' <1, where Q=eB/mc and o), =4re’n/m.

In this work we consider the high-frequency sum-rule expansion to
order @~ for the full dielectric tensor of quasi-one-dimensional quantum
nonrelativistic plasmas with spin particles at 7=0 K in regions where the
external magnetic field is of the order of 10'° G, such as in pulsars. In these
regions, we find that when the Fermi energy of electrons is lower than the
excitation energy of the Landau levels, i.e., p°/2m<#Q, only the lowest
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n=0 level is occupied, and the mobility of the electrons is therefore entirely
determined by the value of the momentum along the z axis, i.e., p=p.
(Canuto and Ventura, 1972; Genga, 1988b,d). This leads to a one-dimen-
sional quantum plasma; this is realizable in situations where the particle
density is low and the magnetic field is intense.

In Section 2 we review the derivation of the full dielectric tensor,
whereas the exact ® 2, @™, ® %, and ©~° sum-rule coefficients are calculated
in Section 3. In Section 4 the long-wavelength aspect of the results of Section
3 is considered ; the possible spin effects on high-frequency quantum plasma
modes, i.e., the plasma mode and the high-frequency extraordinary mode
for propagation parallel, perpendicular, and oblique to the magnetic field,
respectively, are determined in Section 3.

2. DIELECTRIC TENSOR

As in the spinless situation, we treat an electron plasma in a constant
homogeneous magnetic field quantum mechanically. While treating the mag-
netic field exactly, a perturbation approach in the photon field is used
to derive the general expression for the dielectric tensor as (Canuto and
Ventura, 1972; Pines and Noziéres, 1966; Genga, 19885,¢)

2

Y (k0) = 5“"+g—§T{§V+ " (ko) )

where

4 2
"' (kw)=— Zf 1" (ko) 2)
Kk
T‘liv=5”"——k; (3
with

15" (ko)=Y €0, siTh(T)ls, n> <n, s Tids, 0
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which is the spin current-current response tensor and
1
ﬂk’=2~2<[ﬂf* exp(ik + x;) +exp(ik - x)IT}] (5)
m

I =Pf +eA™(x;) (6)
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For the arguments of w,, and the summation over p in equation (4) we
have, as in the spinless case, that

P=P., k=k, (7
Consequently, for the summation over S in equation (4) we have
s=s5, (®)

The matrix elements and excitation frequencies that appear in equation (3)
are those appropriate for a system of electrons with Coulomb, spin, and
external magnetic interactions, but without any transverse self-consistent
magnetic field interactions.

3. SUM RULES

The complete modified polarizability tensor @*"(kw) is expressible in
terms of the corresponding “external” quantities @”'(kw) as (Genga,
1988b,¢)

ako)=a(A—a)”'A 9)
where
k K-k
A=1-7T, ==, T=1-— (10)
W k

It is known (Genga, 1988b,c; 1989¢) that @*" (k) possesses the high-
frequency sum-rule expansion

& Qiik)

&”’W(kw)=—; e (11)
)

— = Qb (K)

a (ka))=—lz ﬁ‘* (12)
=2

leven

where the superscript H stands for “Hermitian part of”’; the single and
double primes denote “real part of”” and “imaginary part of,” respectively,
and the Q" coefficients are obtained from equation (2) in the limit as 7 — 0
to be of the form

QL1 (k) =478 T {[@a0(p, p— Fik/2)] 2

nps

x 0, s|[Tk(1)s, n)> <{n, s|TIg]s, 0>

~[~@uw(p, p+ ik/2)] 70, sTT%s, n)

X (n, SITIE(0)]s, 0>} =o (13)
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The high-frequency expansion of @*"(k) is known (Kalman, 1978; Kalman
and Genga, 1986; Genga, 1988a-c¢) to be similar to that of a”v(ka)) given
by equations (11) and (12), with Q"¥(k) replacing the corresponding
Q¥V(k). The relationships between the two sets of coefficients up to /=4 are
the same as for the spinless case, i.e.,

(k) = O

Qry =Gy

By =Dy — Q3G

ey (k) =0y — Brs Oy — e

(14

The Hamiltonian of the system that satisfies equation (13) is given by

I ué-B
__Z._—

7S +§i§j V(xi—x;) (15)

where § is a unit spin vector, B=B’/B’ is a unit magnetic field vector, y =
efi/mc is the magnetic moment, and s= 3#%. The second term on the right-
hand side of equation (15) is the interaction due to spins, whereas V(x;—x;)
is the interaction potential between a pair of particles and is independent of
velocity.

Finally, with the above information, we now calculate the frequency
moments (up to /=4). For an anisotropic system in the presence of an
external magnetic field as in our case it is known (Genga, 1988a,b, 1989b)
that @"¥ is nondiagonal; hence both even and odd moments of {4, exist.
The real diagonal and off-diagonal elements of QF}, | satisfy the symmetry
condition (Genga, 1988a,b, 1989¢)

QL (k) =t (k) (16)
and the imaginary off-diagonal elements satisfy the antisymmetric condition
QL 1(k) == (k) (17)

The first moment is trivial,
G5 (k)
4y [<o, siTIkln, 5 <, slz"uls, 0)
nps wnO(Pa D + hk/z)

<0, siYsln, s> <n, sllzkls,())]
nO(pap—l_ hk/z) =0

= (Kk) (18)
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where (Genga, 19885)
O,(K)=wll,  LE =K'k /K (19)
The second moment is given by

QMK =4re® S [0, sinlln, s3> <n, slmlls, 0

nps

=<0, slkln, 55 <n, slr’yls, 03 ],~0
=2me*(0, sinh, £V ] =77, 7H10, $Dlr =0
=04 (K) (20)
where (Genga, 1988b)

~ B’
O = g2 E50 e @n
The third moment yields

Qé‘ (k) =4r¢’ Y [w,,()(p, p—%)((), silfln, 5> (s, IO, 5

nps

fik
+wno(p rt— )(0 ST il 55 <s, n{TTE,O, S>}

=0
=2me’<0, s[[IT, H], MY + ([T, H], TI%10, 5)]=0
=0nv (22)
where (Genga, 1988b)
A B ] 2 0
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wreBY 5 . & P
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(23)

The fourth moment leads to

Qi(k)=4n” Y {{Mo(}),p*ﬂfﬂ <s, Ol (Dln, 5 Cs, n|T1%40, 57

nps

—{—wno(p, p~%ﬂ G5, Ol 5 s, ML), s>}

=0

Ie*¢s, O[T, H], H], T2 = [T, H1, H], TITI0, $)i-o

=QLV (k) + Q“ ¥ (k) (24)
where
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fic EX_V ¢ fic e X ax"
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n "eB"< 0|L"V+ Z(s“”"’L“V)(Sk = S0, 5D (25)
2m’c

is already known (Genga, 1988) and

0 2

B'n . A v v
Qrr(k) = —2u 7{- Cs, Of§ « B{[[TT, H], T1,] +[[T1%, H], T](0, 5>}

0
ZuB QLY(k) cos 8
S
=2004"(k) cos 0 (26)

is the term due to spins; 0 is the angle between the external magnetic field
B® and the spin vector s, Q=eB’/mc is the electron cyclotron frequency,
and 0}"(k) is the third frequency moment as given by equation (23). The
factor of 2 in equation (26) is due to spin orientation. However, from the
above we know that Qf "(k) are not coefficients of the imaginary off-diagonal
elements and consequently vanish in this case, i.e.,

Q(k)=0 @7

In order to obtain an explicit expression for )Y, we choose the k-
system, in which (Genga, 1988)

k=(0,0,k), B’=(B’sin 6,0, Bcos §) (28)

(where 0 is also the angle between the wave vector k and the external
magnetic field By), and

q=1(g sin 8 cos 8, g sin 8 sin @, g cos 6) (29)

The Landau gauge leading to the components of the magnetic field given in
equation (28) is known (Genga, 1988b) to be of the form

=3(0, B3x—2zBY, 0) (30)
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4. LONG-WAVELENGTH LIMIT

The long-wavelength (k — 0) limit of equations (19)-(26) leads to ele-
ments of the frequency moments of the form

where

and

QLK) = 0% (k) =0

O30 =0

é;ﬁ(k) =—-Q4(k)=iw2Q cos 0
ﬁffz(k) =—03 (k) =i®,Q cos §

2 2 o’
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Qlik) =0
- 2 (31H)
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n_ 4reé
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v q

g

is the correlation energy, which is negative. R

From equation (31) we find that there is no spin effect in Q4. Hence,
we conclude that there is no spin effect on high-frequency nonrelativistic
quantum plasma modes propagating along and across the magnetic field,
respectively.
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